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Abstract
Spectral method related to Lame´ equation with finite-gap potential is
used to study the optical cascading equations. These equations are known
not to be integrable by inverse scattering method. Due to ”partial inte-
grability” two-gap solutions are obtained in terms of products of elliptic
functions and are classified in five different families related to eigenvalues
of appropriate spectral problem. In special cases, when periodic solutions
reduce to localized solitary waves, previously known phase-locked solu-
tions are recovered, and additional one solution is obtained. For vector
nonlinear Schro¨dinger equation n = 3 we present exact solutions in a form
of multicomponent cnoidal waves.
1 Introduction
The aim of the present paper is devoted to the rather old but still open problem
how to construct exact periodic solutions of integrable and nonintegrable soliton
systems. This problem is important from the physical point of view to study
nonlinear waves. These solutions are expressed in terms of Hermite and Lame´
polynomials. Results are presented both for integrable and nonintegrable dy-
namical systems. As examples optical cascading equations and vector nonlinear
Schro¨dinger equation are considered.
2 Optical cascading equations and phase-locked
solutions
We consider χ(2) : χ(2) cascading equations in the normalized form
ia1t − r
2
a1xx + a
∗
1a2 = 0,
ia2t − βa2 − iδa2x − α
2
a2xx + a
2
1 = 0, (1)
where a1 and a2 are the normalized complex envelopes of FW and SHW, respec-
tively, t is the normalized distance along the wave guide, and x is the normalized
1
transverse coordinate. The real constant α is given by minus ratio of the wave
numbers of the FW and SHW, the quantity β corresponds to the normalized
wave number mismatch and the parameter δ corresponds to normalized walkoff
coefficient, r = ±1.
We seek solution of (1) in the following form
a1 = q1(ξ)e
iφ1(ξ)ei(k1t−ω1x), (2)
a2 = q2(ξ)e
iφ2(ξ)e2i(k1t−ω1x), (3)
with ξ = ωx − vt and we define φ = φ2 − 2φ1. We will consider phase-locked
solutions (φ = kπ, k ∈ Z), then the system (1) is reduced to two ordinary
differential equations,
q1ξξ +A0q1 +B0q1q2 = 0, (4)
q2ξξ + C0q2 +D0q
2
2 = 0, (5)
where we have
A0 = A
2 −D, B0 = − 2ǫ
rω2
, C0 = B
2 − C, D0 = − 2ǫ
αω2
, ǫ2 = 1, (6)
and
A =
rωω1 − v
rω2
, B =
2αωω1 − v − δω
αω2
C = 2
2αω21 − 2k1 − 2δω1 − β
αω2
, D =
rω21 − 2k1
rω2
. (7)
Introducing new variable
q21 =
4F
B0D0
, F = λ2 − 3℘λ+ 9℘2 − 9
4
g2 (8)
where F is Hermite polynomial [9], g2, g3 are elliptic invariants defined in [9].
℘ = ℘(ξ + ω′) is Weierstrass function shifted by half period ω′ is related to sn
Jacobian elliptic function with modulus k
℘(ξ + ω′; g2, g3) = α2k2sn2(αξ, k) − (1 + k2), (9)
where α =
√
e1 − e3 and ei, i = 1, 2, 3, e3 ≤ e2 ≤ e1 are the real roots of the
cubic equation
4λ3 − g2λ− g3 = 0. (10)
Using wave height α and modulus k =
√
e2−e3
e1−e2 we have the following relations
e1 =
1
3
(2− k2)α2, e2 = 1
3
(2k2 − 1)α2, e3 = −1
3
(1 + k2)α2,
g2 = −4(e1e2 + e1e3 + e2e3) = 4
3
α2(1− k2 + k4),
g3 = 4e1e2e3 =
4
27
α6(k2 + 1)(2− k2)(1− 2k2). (11)
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Inserting this expression in (4) we have the following nonlinear differential equa-
tion with spectral parameter λ = −C0/2
1
2
FFξξ − 1
4
F 2ξ − (u(ξ) + λ)F 2 +
1
4
R(λ) = 0, (12)
with eigenvalue equations
R(λ) = 4λ5 − 21λ3g2 + 27λg22 + 27λ2g3 − 81g2g3 = 0,
u(ξ) = −(B0q2 + λ+A0) = 6℘(ξ + ω′), (13)
or in factorized form
R(λ) = 4
5∏
i=1
(λ− λi) = 0, λ1 = −
√
3g2, λ2 = 3e3
λ3 = 3e2, λ4 = 3e1, λ5 =
√
3g2. (14)
It is well known that equation (12) is reduced to linear periodic spectral problem
of one dimensional Schro¨dinger equation with two gap potential u(x) = 6℘(ξ +
ω′) and with five normalized eigenfunctions q(i)1 , (i) = 1, . . . 5:
d2q
(i)
1
d2ξ2
− u(ξ)q(i)1 = λiq(i)1 , (i) = 1, . . . , 5. (15)
Under these conditions the second equation (5) is automatically satisfied. Sec-
ond equation can be considered as ”self-consistent” equation for potential u(ξ).
Finally the five spectral families of periodic solutions can be written in the
following Table 1
Table 1: Five spectral families of periodic solutions
(I). q1 =
6√
B0D0
α2k2 E
(u−)
2 q2 = − 1B0 (u(ξ) +
3g2
λ1
− 2λ1) (i)=1
(II) q1 =
6√
B0D0
α2kE
(cd)
2 q2 = − 1B0 (u(ξ) +
3g2
λ2
− 2λ2) (i)=2
(III) q1 =
6√
B0D0
α2kE
(sd)
2 q2 = − 1B0 (u(ξ) +
3g2
λ3
− 2λ3) (i)=3
(IV) q1 =
6√
B0D0
α2k2 E
(sc)
2 q2 = − 1B0 (u(ξ) +
3g2
λ4
− 2λ4) (i)=4
(V) q1 =
6√
B0D0
α2k2 E
(u+)
2 q2 = − 1B0 (u(ξ) +
3g2
λ5
− 2λ5) (i)=5
where
E
(sc)
2 = sn(αξ, k)cn(αξ, k),
E
(sd)
2 = sn(αξ, k)dn(αξ, k),
E
(cd)
2 = cn(αξ, k)dn(αξ, k),
E
(u±)
2 = sn
2(αξ, k)− 1 + k
2 ±√1− k2 + k4
3k2
,
(16)
3
are normalized two-gap Lame´ functions [9], cn, dn are Jacobian elliptic functions
and potential u(ξ) have the form
u(ξ) = 6α2k2sn2(αξ, k)− 2(1 + k2)α2. (17)
If, however, we restrict ourselves to using solitary waves that corresponds to
limit k → 1, for FW q1 we have the following forms (case I): sech2(αξ) − 23 ;
case (II) and (V): sech2(αξ); case (III) and (IV): tanh(αξ)sech(αξ), the red,
white and blue solitary waves respectively. These wavetrains, so called order two
solitary waves are well known phenomena only in the case of coupled nonlinear
Schro¨dinger equations [11], [12].
The theory of optical cascading in materials with a pure quadratic (or χ(2))
nonlinearity became the subject of many theoretical and experimental investi-
gations. In the case of χ(2) materials it has been possible to produce solitary
waves and periodic solutions as background trough χ(2) : χ(2) cascading. This
effect occurs in parametrically coupled fields with quadratic nonlinearities and
interacting fundamental (FW) and second harmonic (SHW) waves. Several
particular wave solutions of the system describing this phenomenon have been
obtained, e.g. with the aid of the Hamiltonian formalism [1], direct substitu-
tion [2, 3, 4], and Lie group analysis [5]. General families of periodic waves are
reported recently in [6, 7].
3 Vector nonlinear Schro¨dinger equation
We consider the system of coupled nonlinear Schro¨dinger equations
i
∂
∂t
Qj + s
∂2
∂x2
Qj + σ
(
n∑
k=1
|Qk|2
)
Qj = 0, j = 1, . . . , n, (18)
where s = ±1, σ = ±1. These equations are important for a number of physical
applications. For example, for photorefractive media with a drift mechanism of
nonlinear response, a good approximation describing the propagation of n self-
trapped mutually incoherent wave packets is the set of equations for a Kerr-type
nonlinearity [13]
i
∂
∂z′
Q˜j +
1
2
∂2
∂x′2
Q˜j + αδηQ˜j = 0, j = 1, . . . , n, (19)
where Q˜j denotes the jth component of the beam, α is a coefficient representing
the strength of nonlinearity, z′ and x′ are the coordinate along the direction of
propagation and transverse coordinate respectively. The change in refractive
index profile η created by all the incoherent components in the light beam is
defined by
δη =
n∑
k=1
|Q˜k|2. (20)
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Inserting (20) in (19) and renormalising the variables as Q˜j = Qj/
√
2α, z′ =
2t, x′ = x we obtain the vector nonlinear Schro¨dinger equation (18). Stability,
localization, and soliton asymptotics of multicomponent photorefractive cnoidal
waves are discussed in [14]. New solutions are presented next for the case
n = 3, 4.
We seek solution of (18) in the following form [15])
Qj = qj(z) e
iΘj , j = 1, . . . n, (21)
where z = x − ct, Θj = Θj(z, t), with qj ,Θj real. Substituting (21) into (18)
and separating real and imaginary parts by supposing that the functions Θj , j =
1, . . . n behave as
Θj =
1
2
scx+ (aj − 1
4
sc2)t− s Cj
∫ z
0
dz′
qj(z′)2
+Θj0,
we obtain the system (σ = s = ±1)
d2
dz2
qj +
(
n∑
k=1
σ
s
q2k −
aj
s
)
qj −
C2j
q3j
= 0, k, j = 1, . . . n, (22)
where Cj , j = 1, . . . n are free parameters and Θj0 are constants. These equa-
tions describe the integrable case of motion of a particle in a quartic potential
perturbed with inverse squared potential, which is separable in ellipsoidal coor-
dinates. The solutions of the system (22) are then given as
q2i (z) = 2
F(z, ai −∆)∏n
k 6=i(ai − ak)
, i = 1, . . . , n, (23)
where F(z, λ) is Hermite polynomial associated with Lame´ potential. The final
formula for the solutions of the system (18) then reads
Qi(x, t) =
√
2
F(z, ai −∆)∏n
k 6=i(ai − ak)
exp(Θi), (24)
where
Θj =

12 icx+ i(aj − 14c2)t− 12ν(aj −∆)
z∫
0
dz′
F(z′, aj −∆)

 ,
and i = 1, . . . , n and we have made use of (23) and (21). To obtain the special
class of periodic solution of (22) we introduce the following ansatses
qi(ζ) =
√
Ai℘(ζ + ω′) +Bi, i = 1, 2, 3, or i = 1, . . . , 4. (25)
As a result we obtain:
m∑
k=1
Ak = −2, ai =
m∑
k=1
Bk − Bi
Ai
, m = 3 or 4, (26)
−4C
2
i
A2i
= (4λ3 − λg2 − g3)|λ=−Bi/Ai , i = 1, . . . , 3 or 4 (27)
5
and using the well known relations∫ z
0
dz′
℘(z′)− ℘(a˜j) =
1
℘′(a˜j)
(
2zζ(a˜j) + ln
σ(z − a˜j)
σ(z + a˜j)
)
, (28)
and
℘(z + ω′)− ℘(a˜j) = −σ(z + ω
′ + a˜j)σ(z + ω′ − a˜j)
σ(z + ω′)2σ(a˜j)2
. (29)
We derive the following result
Qj =
√
−Aj σ(z + ω
′ + a˜j)
σ(z + ω′)σ(a˜j)
×
exp
(
i
2
cx+ i(aj − 1
4
c2)t− (z + ω′)ζ(a˜j)
)
, (30)
where
ǫ1∑
j=1
Aj = −2, aj =
ǫ1∑
k=1
Bk − Bj
Aj
,
Cj
Aj
=
i
2
√
4λ3 − λg2 − g3|λ=−BjAj
℘(a˜j) = −Bj
Aj
= aˆj , j = 1 . . . ǫ1, ǫ1 = 3, 4 (31)
One special solution is written by
qj = Cjcn(αz, k), j = 1, 2, 3, (32)
where
α2 =
a1
2k2 − 1 ,
3∑
j=1
C2j = 2α
2k2, a1 = a2 = a3 = a, (33)
in the limit k → 1 we obtain soliton solution
Qj =
√
2aǫj exp
{
i
(
1
2c(x− x0) + (a− 14 c2)t
)}
ch(
√
a(x− x0 − ct)) , j = 1, 2, 3, (34)
where we introduce the following notations
3∑
k=1
|ǫk|2 = 1, ζ1 = 1
2
c+ i
√
a = ξ + iη, (35)
where x0 is the position of soliton, ǫj , j = 1, 2, 3 are the components of polar-
ization vector. One notes that the real part of ζ1 i.e. c/2 gives us the soliton
6
velocity while the imaginary part of ζ1 i.e.
√
2a gives the soliton amplitude and
width. Another special solution is written by
qj = Cjsn(αz, k), j = 1, 2, q2 = C2dn(αz, k), (36)
where
α2 = a3 − a1, C23 = 2a3 − a1 − α2(1− k2),
1
k2
2∑
j=1
C2j = a1 − α2(1 − k2),
in the limit k → 1 we obtain the following soliton solution
Qj =
√
aǫj exp
{
i
(
1
2
c(x − x0) + (a− 1
4
c2)t
)}
×
th(α(x − x0 − ct)),
Q3 =
√
a+ 2α2ǫ3 exp
{
i
(
1
2c(x− x0) + (a+ α2 − 14c2)t
)}
ch(α(x − x0 − ct)) ,
where we introduce the following notations
2∑
j=1
|ǫj |2 = 1, |ǫ3|2 = 1, a1 = a2 = a =
2∑
j=1
C2j , a3 = a+ α
2.
To obtain the class of periodic solutions of system (22) for n = 3, 4 we
introduce the following two ansatses in terms of the Weierstrass function ℘(ζ +
ω′)
qi(ζ) =
√
Ai℘(ζ + ω′)3 +Bi℘(ζ + ω′)2 + Ci℘(ζ + ω′) +Di, (37)
where i = 1, . . . 3. Next for conciseness we denote ℘ = ℘(ζ+ω′), then the second
ansatz have the form
qi(ζ) =
√
Ai℘4 +Bi℘3 + Ci℘2 +Di℘+ Ei,
i = 1, . . . 4 (38)
with the constants Ai, Bi, Ci, Di, Ei defined from the compatibility condition of
the ansatz with the equations of motion (22). Inserting (37) and (38) into Eqs.
(22), using the basic equations for Weierstrass ℘ function [9]
(
d
dζ
℘(ζ)
)2
= 4℘(ζ)3 − g2℘(ζ)− g3, d
2
dζ2
℘(ζ) = 6℘(ζ)− g2
2
, (39)
and equating to zero the coefficients at different powers of ℘ we obtain the fol-
lowing algebraic equations for the parameters of the solutions Ai, Bi, Ci, Di, i =
7
1, 2, 3 for n = 3
A1 +A2 +A3 = 0, B1 +B2 +B3 = 0, (40)
C1 + C2 + C3 = −12, Ci = 2
3
B2i
Ai
− 1
4
Aig2, (41)
ai =
3∑
i=1
Di − 5Bi
Ai
, Di =
5
9
B3i
A2i
− 1
3
Big2 − 1
4
Aig3. (42)
The analogical algebraic system for n = 4 is as follows
A1 +A2 +A3 +A4 = 0, B1 +B2 +B3 +B4 = 0, (43)
C1 + C2 + C3 + C4 = 0, D1 +D2 +D3 +D4 = −20, (44)
Ci =
3
5
B2i
Ai
− 3
10
Aig2, Di =
14
45
B3i
A2i
− 53
180
Big2 − 2
9
A1g3 (45)
Ei =
49
225
B4i
A3i
− 113
450
B2i
Ai
g2 − 11
36
Big3 +
9
400
Aig
2
2 . (46)
ai =
4∑
i=1
Ei − 7Bi
Ai
,
Another result from the algebraic systems is the expression for constants Ci
which parametrize our solutions. For them we obtain
C2i = −
ν(ai −∆)2∏
k 6=i(ai − ak)
,
where i, k = 3 or 4 and parameters ν are defined by (for n = 3)
ν2 = λ7 − 63
2
g2λ
5 +
297
2
g3λ
4 +
4185
16
g22λ
3 −
18225
8
g2g3λ
2 +
91125
16
g23λ−
3375
16
g22λ, (47)
and (for n = 4)
ν2 = λ9 − 231
2
λ7g2 +
2145
2
g3λ
6 +
63129
16
λ5g22 −
518505
8
g2g3λ
4
+
(
−563227
16
g32 +
4549125
16
g23
)
λ3 +
991515
2
g3g
2
2λ
2 +(
361179
4
g42 −
5273625
4
g2g
2
3
)
λ
−972405g3g32 − 1500625g33. (48)
Using the general formulae, we will consider below the physically important
cases of n = 3, 4 [14] which are associated with the three-gap 12℘(ζ + ω′), and
four-gap elliptic potentials 20℘(ζ + ω′).
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The Hermite polynomial F(℘(x), λ) associated to the Lame´ potential 12℘(ζ)
has the form
F(℘(ζ), λ) = λ3 − 6℘(ζ + ω′)λ2 − 3 · 5(−3℘(ζ + ω′)2 + g2)λ
−3
2 · 52
4
(4℘(ζ + ω′)3 − g2℘(ζ + ω′)− g3). (49)
The solution is real under the choice of the arbitrary constants ai, i = 1, . . . , n
in such way, that the constants ai − ∆, i = 1, . . . , n lie in different lacunae.
Comparing (37) and (49) and using (23) the solutions of polynomial equations
(40),(41),(42) can be given by
Ai =
2 · 52 · 32∏3
k 6=i(ai − ak)
, (50)
Bi = −2 · 3
2 · 5(ai −∆)∏n
k 6=i(ai − ak)
, (51)
∆ =
2
5
3∑
i=1
ai. (52)
The Hermite polynomial F(℘(ζ), λ) associated to the Lame´ potential 20℘(ζ)
can be written as
F(℘(ζ), λ) = 11025℘(ζ + ω′)4 − 1575℘(ζ + ω′)3λ+
(135λ2 − 6615
2
g2)℘(ζ + ω
′)2 +
(−10λ3 + 1855
4
λg2 − 2450g3)℘(ζ + ω′) +
λ4 − 113
2
λ2g2 +
3969
16
g22 +
195
4
λg3. (53)
Comparing (38) and (53) and using (23) the solutions of polynomial equations
(43-46) can be given by
Ai =
11025 · 2∏
k 6=i(ai − ak)
,
Bi = −1575 · 2(ai −∆)∏
k 6=i(ai − ak)
(54)
∆ =
2
7
4∑
i=1
ai.
Next solution of system (22,n = 3) we obtain using the following ansatz
qi(ζ) =
√
Ai℘(ζ + ω′)2 +Bi℘(ζ + ω′) + Ci, i = 1, 2, 3, (55)
9
then we have
3∑
i=1
Ai = 0,
3∑
i=1
Bi = −6, (56)
ai =
3∑
k=1
Ck − 3Bi
Ai
, Ci =
B2i
Ai
− 1
4
Aig2, (57)
C2i · 33 · 4
A2i
= (4λ5 + 27λ2g3 + 27λg
2
2 − 21λ3g2 − 81g2g3), (58)
where λ = −3Bi/Ai. More complicated solution we can obtain as a special
solution of last polynomial system
q1 = C1α
(
1
3
C− − k2sn2(αz, k)
)
,
q2 = C2αksn(αz, k)cn(αz, k),
q3 = C3αkcn(αz, k)dn(αz, k),
where
C± = 1 + k2 ±
√
1− k2 + k4,
k2 =
1
3
(
2− γ + 2
√
γ2 − γ − 2
)
,
γ =
2a3 + a2 − 3a1
a3 − a2 ,
α2 =
1
3
(a3 − a2), C23 = (k2 −
2
3
C−)C21 + 6,
C22 = k
2(C21 + C
2
3 ).
Another solution is written by
q1 = C1α
(
1
3
C− − k2sn2(αz, k)
)
,
q2 = C2αksn(αz, k)cn(αz, k),
q3 = C3α
(
1
3
C+ − k2sn2(αz, k)
)
, (59)
where
C± = 1 + k2 ±
√
1− k2 + k4,
α2 =
(a3 − a2)
4 + k2 − 2C− , C
2
3 = −
(
6 + (k2 − 23C−)C21
)
k2 − 23C+
,
C22 = k
2(C21 + C
2
3 ).
Next solution is given by
q1 = C1α
(
1
3
C− − k2sn2(αz, k)
)
,
10
q2 = C2αksn(αz, k)dn(αz, k),
q3 = C3α
(
1
3
C+ − k2sn2(αz, k)
)
, (60)
where
C± = 1 + k2 ±
√
1− k2 + k4,
α2 =
(a3 − a2)
1 + 4k2 − 2C− , C
2
3 = −
(
6 + (1− 23C−)C21
)
1− 23C+
,
C22 = C
2
1 + C
2
3 .
From last three solutions in the limit k → 1 we obtain the following soliton
solutions
Q1 =
√
9a
4
ǫ1 exp
{
i
(
1
2
c(x − x0) + (a− 1
4
c2)t
)}
×(
−2
3
+ sech2(α(x− x0 − ct)
)
,
Q2 =
√
3(2α2 − a)ǫ2 exp
{
i
(
1
2
c(x− x0) + (α2 + a− 1
4
c2)t
)}
×
th(α(x − x0 − ct))sech(α(x − x0 − ct)),
Q3 =
√
3(2α2 − a4 ǫ3 exp
{
i
(
1
2c(x− x0) + (4α2 + a− 14c2)t
)}
ch2(α(x − x0 − ct))
,
where we introduce the following notations
|ǫ1|2 = |ǫ2|2 = |ǫ3|2 = 1, a1 = a, a2 = α2 + a, a3 = 4α2 + a.
Another type solution in the limit k → 1 have the following form
Q1 = C1ǫ1 exp
{
i
(
1
2
c(x− x0)− (a+ 1
4
c2)t
)}
×(
−2
3
+ sech2(
√
a
8
(x− x0 − ct)
)
,
Q2 = C2ǫ2 exp
{
i
(
1
2
c(x− x0)− (7
8
a+
1
4
c2)t
)}
×
th(
√
a
8
(x− x0 − ct))sech(
√
a
8
(x− x0 − ct)),
Q3 =
√
9
4aǫ3 exp
{
i
(
1
2c(x− x0) + (78a− 14c2)t
)}
ch2(
√
a
8 (x− x0 − ct))
,
where we introduce the following notations
|ǫ1|2 = 1, |ǫ2|2 + |ǫ3|2 = 1,
a1 = −a, a2 = a3 = −7
8
a, C22 = C
2
1 + C
2
3 .
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4 Lame´ polynomials and multicomponent cnoidal
waves
Next we skip the details of derivation of exact solutions and give only the final
results for special case n = 3 and all Cj = 0 using methods presented in [15].
The (2n+ 1) Lame´ polynomials of order n are solutions of
d2Ei
dz2
+
(
λi − n(n+ 1)k2sn2(αz)
)
Ei = 0. (61)
For n = 3 we introduce the following eigenfunctions functions Ei, i = 1, . . . 7
and eigenvalues λi given in table 2, λ1 < λ2 < . . . < λ7 and the constants C
(3)
i
given in table 3.
Table 2:
1 E
(3)
1 = sn(αz, k)
(
dn2(αz, k) + C
(3)
1
)
λ
(3)
1 = 7− 5k2 − 2
√
4− 7k2 + 4k4
2 E
(3)
2 = cn(αz, k)
(
dn2(αz, k) + C
(3)
2
)
λ
(3)
2 = 7− 2k2 − 2
√
4− k2 + k4
3 E
(3)
3 = dn(αz, k)
(
dn2(αz, k) + C
(3)
3
)
λ
(3)
3 = 5(2− k2)− 2
√
1− k2 + 4k4
4 E
(3)
4 = sn(αz, k)cn(αz, k)dn(αz, k) λ
(3)
4 = 4(2− k2)
5 E
(3)
5 = sn(αz, k)
(
dn2(αz, k) + C
(3)
5
)
λ
(3)
5 = 7− 5k2 + 2
√
4− 7k2 + 4k4
6 E
(3)
6 = cn(αz, k)
(
dn2(αz, k) + C
(3)
6
)
λ
(3)
6 = 7− 2k2 + 2
√
4− k2 + k4
7 E
(3)
7 = dn(αz, k)
(
dn2(αz, k) + C
(3)
7
)
λ
(3)
7 = 5(2− k2) + 2
√
1− k2 + 4k4
Table 3:
1 C
(3)
1 =
1
5 (2k
2 − 3−√4− 7k2 + 4k4)
2 C
(3)
2 =
1
5 (k
2 − 3−√4− k2 + k4)
3 C
(3)
3 =
1
5 (2k
2 − 4−√1− k2 + 4k4)
4
5 C
(3)
5 =
1
5 (2k
2 − 3 +√4− 7k2 + 4k4)
6 C
(3)
6 =
1
5 (k
2 − 3 +√4− k2 + k4)
7 C
(3)
7 =
1
5 (2k
2 − 4 +√1− k2 + 4k4)
Next we enumerate the periodic solutions of the system (22) σ = 1, s = 1, n = 3.
The results are collected in Table 4. For convenience we present solutions in the
following form
qi = Ci αE
(3)
i , qj = C2 αk
2 E
(3)
j , qk = Ck αkE
(3)
k , (62)
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and
C2i = −Λ/Λi;j,k, C2j = Λ/Λj;i,k, C2k = −Λ/Λk;i,j, (63)
where i 6= j 6= k and
Λ = 2 · 32 · 52, Λi;jk = (λ(3)i − λ(3)j )(λ(3)i − λ(3)k ).
Table 4:
A1 q1 = C1 αE
(3)
3 , q2 = C2 αk
2 E
(3)
4 , q3 = C3 αkE
(3)
6 {3, 4, 6}
C21 = −Λ/Λ3;4,6, C22 = Λ/Λ4;3,6, C23 = −Λ/Λ6;3,4
A2 q1 = C1 αE
(3)
3 , q2 = C2 αkE
(3)
5 , q3 = C3 α,E
(3)
7 {3, 5, 7}
C21 = Λ/Λ3;5,7, C
2
2 = −Λ/Λ5;3,7, C23 = Λ/Λ7;3,5
A3 q1 = C1 αE
(3)
3 , q2 = C2 αkE
(3)
5 , q3 = C3 αkE
(3)
6 {3, 5, 6}
C21 = Λ/Λ3;5,6, C
2
2 = −Λ/Λ5;3,6, C23 = Λ/Λ6;3,5
A4 q1 = C1 αE
(3)
3 , q2 = C2 αk
2 E
(3)
4 , q3 = C3 αkE
(3)
7 {3, 4, 7}
C21 = Λ/Λ3;4,7, C
2
2 = −Λ/Λ4;3,7, C23 = Λ/Λ7;3,4
A5 q1 = C1 α kE
(3)
2 , q2 = C2 αk E
(3)
5 , q3 = C3 αkE
(3)
6 {2, 5, 6}
C21 = Λ/Λ2;5,6, C
2
2 = −Λ/Λ5;2,6, C23 = Λ/Λ6;2,5
A6 q1 = C1 α kE
(3)
2 , q2 = C2 αk E
(3)
5 , q3 = C3 αE
(3)
7 {2, 5, 7}
C21 = Λ/Λ2;5,7, C
2
2 = −Λ/Λ5;2,7, C23 = Λ/Λ7;2,5
A7 q1 = C1 α kE
(3)
2 , q2 = C2 αk
2 E
(3)
4 , q3 = C3 αE
(3)
7 {2, 4, 7}
C21 = Λ/Λ2;4,7, C
2
2 = −Λ/Λ4;2,7, C23 = Λ/Λ7;2,4
A8 q1 = C1 α kE
(3)
2 , q2 = C2 αk
2 E
(3)
4 , q3 = C3 αE
(3)
6 {2, 4, 6}
C21 = Λ/Λ2;4,6, C
2
2 = −Λ/Λ4;2,6, C23 = Λ/Λ6;2,4
For defocusing case σ = −1, s = 1, n = 3 we have presented solutions in
Table 5.
Table 5:
B1 q1 = C1 αkE
(3)
1 , q2 = C2 αE
(3)
3 , q3 = C3 αkE
(3)
5 {1, 3, 5}
C21 = −Λ/Λ1;3,5, C22 = −Λ/Λ3;1,5, C23 = Λ/Λ5;1,3
B2 q1 = C1 αkE
(3)
1 , q2 = C2 αkE
(3)
2 , q3 = C3 α, kE
(3)
5 {1, 2, 5}
C21 = Λ/Λ1;2,5, C
2
2 = −Λ/Λ2;1,5, C23 = Λ/Λ5;1,2
B3 q1 = C1 αkE
(3)
1 , q2 = C2 αkE
(3)
2 , q3 = C3 αE
(3)
4 {1, 2, 4}
C21 = Λ/Λ1;2,4, C
2
2 = −Λ/Λ2;1,4, C23 = Λ/Λ4;1,6
B4 q1 = C1 αkE
(3)
1 , q2 = C2 αE
(3)
3 , q3 = C3 αk
2 E
(3)
4 {1, 3, 4}
C21 = Λ/Λ1;3,4, C
2
2 = −Λ/Λ3;1,4, C23 = Λ/Λ4;1,3
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5 Conclusions
In this paper we find five different families of periodic solutions of optical cascad-
ing equations related to eigenvalues of Lame´ equation with two-gap potential.
We investigate also localized solitary wave solutions as a special limit of periodic
solutions.
The existence of two-gap solutions expressed as product of two elliptic func-
tions can be viewed as manifestation of ”partial integrability” of these equa-
tions. We expected that both group theoretical method [5] and spectral method
will lead us to new understanding of ”partial integrability” of optical cascading
equations.
For vector nonlinear Schro¨dinger equation n = 3, 4 we present exact solutions
in a form of multicomponent cnoidal waves. Multicomponent cnoidal waves are
previously discussed in [14].
Acknowledgements. This work has been supported by the National Sci-
ence Foundation of Bulgaria, contract No. F-1410.
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